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Abstract

Mathematical steps leading to computation of the temperature field in multi-dimensional, multi-layer bodies are
described and numerical results for two-layer bodies are presented. The presentations include boundary conditions of
the first, second, and third kind. Included in this paper is a table to assist in computing eigenvalues. Also, modifications
are made to account for the contribution of contact resistance. An efficient computational scheme for calculating the
eigenvalues is discussed and numerical results are presented. For multi-dimensional, multi-layer bodies, the eigen-
functions may have real or imaginary eigenvalues. The complete solution must include the contribution of imaginary
eigenvalues; otherwise, the information will be erroneous. A procedure is introduced that places a bound on the lo-
cation of each eigenvalue. © 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Although most industrial problems in transient heat
conduction are solved using approximate numerical
methods, the need exists for exact solutions. One of
these needed areas is in three-dimensional composite
layers. Analytical solutions can provide insight into the
behavior of the temperature and heat flux distributions
that are more difficult to obtain from the numerical
solutions. Perhaps even more important are the emerg-
ing fields of verification and validation. Verification re-
fers to the accurate solution of the known describing
equations of a process; usually these are partial differ-
ential equations. In validation, the emphasis is upon
determining if the prescribed equations actually describe
the physical process being modeled. This paper is in-
tended to provide exact analytical solutions for verifi-
cation of some large numerical codes modeling fires and
other complex processes. It is part of a larger study at
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Sandia National Laboratories. The problem considered
herein is for the two-layer heat conduction problem in a
parallelepiped.

Many of the earlier studies address thermal conduc-
tion in one-dimensional, multi-layer bodies. A literature
survey revealed several works on analytical solutions of
heat conduction problems in composite media. A one-
dimensional orthogonal expansion for a composite me-
dium was developed by Tittle [1]. Padovan [2] developed
a generalized Sturm-Liouville procedure for composite
and anisotropic domains in transient heat conduction
problems. The integral transform technique as applied
to the solution of heat conduction problems in com-
posite media is included in [3, Chapter 14]. Salt [4,5]
examined the transient temperature solution in a two-
dimensional, isotropic-composite slab. Mikhailov and
Ozisik [6] analyzed the three-dimensional form of the
problem published by Salt [4]. Yan et al. [7] worked on
exact series solutions for three-dimensional temperature
distributions in two-layer bodies subject to various types
of boundary conditions. The numerical steps leading to
one-dimensional temperature solutions in a two-layer
body is reported in [8]. In general, basic steps leading to
computation of temperature are widely available in the
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Nomenclature

a,b,c,d dimensions in Fig. 1 (cm)

A,B constants, Region 1

Apn Fourier coefficients

Bi, hib/ki, in Region 1

Biy hy(c — b) /ky, in Region 2

B ib 1 / Rb

C,D constants, Region 2

Cpi specific heat in Region i (J/kg K)

f(A) a function of eigenvalue, 1

£, B see Egs. (19a) and (19b)

Fo Fourier number (= o,¢/b?)

g volumetric heat source in region i (W/cm?)

G Green’s function

i,j indices

k; thermal conductivity in Region i along x
(W/cm K)

kiy thermal conductivity in Region i along y
(W/cm K)

ki, thermal conductivity in Region i along y
(W/cm K)

m,n indices in eigenfunctions

Nim norms for x-direction

Ny np norms for y-direction

N, norms for z-direction

q heat flux (W/m?)

ri (kfx/ki»)l/z

R contact resistance (m?> K/W)

R, Rkyy /b

R, Rk, /(c — b)
S ki [y

t time (s)

T; temperature in Regions i (K)
U(x,t)  auxiliary function in Example 1
V,w functions in Example 2

X, 0,z coordinates (cm)

X eigenfunction in x-direction

Y eigenfunction in y-direction

VA eigenfunction in z-direction

Greek symbols

oy ki,/picp1, thermal diffusivity in
Region 1 (cm?/s)

Oy kay/ pocpn thermal diffusivity in
Region 2 (cm?/s)

B eigenvalue for x-direction (cm™!)

Vinp eigenvalue for y-direction in
Region 1 (cm™)

I'(t) a function in solution for ¢

& deviation, see Eq. (36)

Nonp eigenvalue for y-direction in

Region 2 (cm™)
Donp eigenvalue for time (s)
Vi eigenvalue for z-direction (cm™')
0; density of regions i (kg/cm?)
T time variable (s)
P a function in Example 1
14 see Eq. (39b)

literature [3]. For the purpose of parameter estimation,
Aviles-Ramos et al. [9] use a two-dimensional, two-layer
solution with prescribed heat flux over all surfaces and
report that it is necessary to retain all eigenvalues, real
or imaginary, to satisfy the completeness criterion of the
solution.

Computation of temperature in multi-dimensional,
multi-layer bodies exhibits a few features that are not
commonly observed when computing the temperature in
homogeneous bodies. As stated in [9], the eigenvalues
may become imaginary and, therefore, the correspond-
ing eigenfunctions will have imaginary arguments. Also,
care must be exercised when computing the eigenvalues
since the spacing between successive eigenvalues changes
between zero and a maximum value. This work includes
a procedure to target a band within which only one ei-
genvalue will be located as reported in [10] and a hybrid
root finding scheme [10] is then used to rapidly compute
the numerical value of that specific eigenvalue with a
desired accuracy. The imaginary eigenvalues can pro-
duce numerical instability as the number of terms in a
series solution becomes large.

The temperature solutions presented in this paper are
Green’s function types of solutions. Tables are provided
to assist in the formulation of Green’s function solutions
depending on the specific boundary conditions. The
solutions obtained are equally valid when each layer has
orthotropic properties. Also, the eigenfunctions and ei-
genconditions are modified to account for the contri-
bution of contact resistance between layers.

2. Mathematical formulation

To describe the mathematical formulations, consid-
eration is given to a three-dimensional, two-layer body
depicted in Fig. 1. Analytical derivation for a tempera-
ture solution in a two-layer body is described. The two
layers may be isotropic or orthotropic. The diffusion
equation for the orthotropic Region 1 is

o1 o1, o’T, oT;

klxﬁ'i‘klya—yz'i‘klz@:plcpl o (1a)

when 0 < y < b,
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Y B. C., 1st, 2nd, or 3rd kind
/s B e
Region 2
c ¢ S x
Region 1 b
x=0 x=a
4 B. C., 1st, 2nd, or 3rd kind

Fig. 1. Schematic of a three-dimensional two-layer body.

and in the orthotropic Region 2 is

asz 6 Tz a Tz aT2
e hegE thegg = pieyy (1b)

when b <y <ec.

klr

2.1. Separation of variables

Assuming boundary conditions are homogeneous,
one can propose solutions of the forms

T](X,)),Z, t) :Xl(x)Yl(y)Zl(z)Fl(t) (ln Region 1)

(2a)
and
B(x,3,2,0) = (X)) Z()T5(1)  (in Region 2)

(2b)
satisfying the following conditions:
X'/X =X /X = —f, (3a)
202, =27} 7, = -V, (3b)
r,)r,=r,/r=-77 (3c)

where f, v, and 1 are constants depending on the specific
type of homogeneous boundary conditions. Differential
equations for ¥; and Y, can be obtained following sub-
stitution of 7} and 7; in the appropriate forms of the
diffusion equation:

— kB kLY I — kv = prega (=47),

4)
— ko + ko, ¥y /Yy — ko = Pszz(—/lz)v
that yield
W 2 ke ke o
Yl 0(]} kl} kly (5)
Y_z" ,12 k2vﬁ7+k_22 g
YZ 12} k21 ka

where oy = k]y/p|C‘p|, 0oy = kzy/pchz, Vi = 4/ kix/kl}> and
ki./ky, for i =1 or 2. The values of y and 4 are
related to 4 by the relations

(rfﬁz + sfvz), (6a)
(3B +53v7). (6b)

Vz = /12/0‘1)7 -
7’]2 = )»Z/Otz_v —

The temperature solutions 7; and 75, after replacing X
by X,., Z by Z,, and Y by Y,.,,, leads to classical Fourier
series solutions that take the following forms:

=333 A

(VHZ) Y mnp ( anpy)

p=1 m=1 n=1

X eXp(—2,,1)s (7a)
Z Z Amanm (VnZ)YZmle(nmnpy)

p=1 m=1 n=1

X €XP(— iy 1)- (70)

The compatibility conditions are
Tl |y:b + Rkl}'aTl/aylyzb = TZly:b’ (8&)

kU@Tl/ﬁyL‘,:h = kzyaTz/@y‘y:b7 (Sb)

where R represents the contact resistance between the
layers. This solution accepts the classical functions for
X,, and Z, subject to boundary conditions of the first
kind and second kind in the x- and z-directions. It is to
be emphasized that, for the x- and z-directions, only
boundary conditions of the first kind and second kind
are unconditionally admissible. However, at y = 0 and
at y = ¢, a boundary condition can be of the first, sec-
ond, or third kind. For the sake of generality, the so-
lution is cast in the form of a Green’s function solution.

3. Green’s function solution

In general, for all boundary conditions, Green’s
function using identities given in Beck et al. [11, Eqgs.
(10.56), (10.58), (10.68)], reduces to

Gij(xvyaz [‘x/J/ Z/ T)

00 00

_ Zp/cpf

p=1 m=1 n=1

X exp| =1, (1=1)], ©)

X (X)Z(2) 2, (2) Yinp () Yy np (V')
Nx.mNy,mnpNz,n

wherei =1,2,...,M;and j = 1,2,..., M, while M is the
number of regions in the body. Eq. (9) describes the
effect in region i due a pulse that appears at time 7 in
region j. The norms N, ,,, N.,, and N, ,,, are

N = / "X, ()P d, (10)



_dzz
mflwn@ (11)

(12)

The Green function solution in Region i is

:Z/ Gy(7,t7,0)T;(7',0)dV}

/ dr/ G,(Ft|F,v)g (7, ‘L')dV
j=1 4 PiCpj

M t . aT =/
Z/w o[ Gyt oD
< Jizo s, PiCpj on

oG, (F,t|7, 1)
—T(# /AR AS LS YA ds’ 13
s T (13)

J

where dV” = dx’dy’ dz" and S is a surface portion for the
region j in prime space on which a boundary condition is
specified. From this point forward, the computations are
focused toward the solution of a two-layer body, M = 2.
There are nine specific solutions depending on the
boundary conditions over y = 0 and y = ¢ surfaces. All
nine solutions can be obtained from a solution that uses
boundary conditions of the third kind over y =0 and
y = ¢ surfaces.

As stated earlier, the contributions of Eqs. (3a) and
(3b) to the temperature solution are limited to boundary
conditions of the first kind and the second kind. The
contribution of these boundary conditions over x = 0, a
and z=0,d surfaces are obtainable in a standard
manner. The main task is to determine the solutions for
Y1 and Y5 using Eq. (5). It is assumed that if the surfaces
at y =0 and y = ¢ are exposed to boundary conditions
of the third kind; other linear boundary conditions can
be deduced from that solution.

The solutions for ¥; and ¥,, as given by Eq. (5) are

Y; = Acos(yy) + Bsin(yy), (14a)
Y, = Ccos(ny) + Dsin(ny). (14b)

Eq. (14a) must satisfy the following condition at y = 0:

iy

:hlyl

y=0 y=0" (1 5)

oy

After substituting for ¥, and 0Y; /0y, one obtains

k1 B'}’ ( hl )
A== or B=|— |4 16
7 o (16)

Next, one must satisfy the compatibility conditions at
y =b, Eqgs. (8a) and (8b), that is,

1) {Vb R“ww}g¥@+

ki,By .
Y, = ';l ~ cos(yy) + Bsin(yy)
1

=8| 5 costy) + sni)| i

(g) cos(nb) + (%) sin(nb) = F,

C D (18)
- (E) sin(yb) + (E) cos(nb) = B,
where
kiy) .
F = }]ly/ cos(yb) + sin(yb)
1
k
+ Rkyyy { - }ll—y}/ sin(yb) + cos(yb)} , (19a)
1
kyy Y kiyy .
BE=(2[%)]-- vb b)|. 19b
2 (kzy)(n){ . Sn(rb) + cos(y )] (19b)
The solutions for C/B and D/B are
D .
— = Fysin(yb) + F; cos(nb),
Z (20)
3= Fy cos(nb) — Fysin(nb).

Next, using the boundary condition of the third kind at
y=a,

_k21

=hY
dy Ir=¢ 2 2‘}':6

for Y, solution, taken from Eq. (14b), results in the re-
lation

—kay[ — Cysin(ny) + D cos(ny)]
= hy[C cos(ny) + Dsin(ny)]

or

sin(nc) —

e

hy D hy
cos(nc cos(nc) +-—— sin(nc
s cos(ne)| 3 | costne) + % sinie)
=0. (21)

Replacing C/B and D/B, using Egs. (19a), (19b), and
(20), and after some algebraic steps, the eigencondition
is

(14 mR) cos(yb)}

hQ(C - b)
T cos[n(c — b)]}

)(2;)[ M

b)]} {(«,b) L cos( b)] o,
(22)

ki, b )b

xﬁ«e—)hm ne—b)]

+(

sm
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where y and 7 are related to 1 by Egs. (6a) and (6b). The
final form of the eigencondition after further simplifi-
cation is

(ha/kyy) — ntan(n(c — b)]
(ha/ksy) tan[n(c — b)] + 1

o (kly) ( y ) I [k, — ytan(yb)
kzy n (h]/kly — Rkly"/z) tan(yb) + V(l + Rhl) ’

(23a)

One can obtain an alternative form for Eq. (23a) if the
quantity k;,07; /0y in Eq. (8a) is replace, using Eq. (8b),
by k»,075/0dy; that is,

(h2/kay) — ntanfy(c — b)]
(hs ey — Rley) tanly(c — b)] + (1 + Rho)
ki \ (7 Mm/ky — ytan(yb)
-(22) () iyt o (230)
The functions ¥; and Y5, as well as the eigencondi-
tion, Eq. (23a) or (23b), can be extended to include the
effect of boundary conditions of the first kind, as
h; — oo, and the second kind, as &; — 0, at surfaces
y =0 and/or y = ¢. This task is accomplished and the
coefficients 4, B, C, and D needed to construct eigen-
functions are summarized in Table 1(a). Each entry Y1J

refers to the boundary condition of the /th kind at y =0
and Jth kind at y = ¢. Therefore, each entry is for a

Table 1

specific boundary condition at y =0 and a boundary
condition of the first, second, or third kind at y = c. For
a convective boundary condition at y = 0, the values of
B, C, and D are selected using A = 1. For convenience of
this presentation and subsequent computations, it is
convenient to combine Egs. (14b), (19a), (19b), and (20)
to get

Y, = Ccos[n(y — b)] + Dsin[n(y — b)]. (24)

The coefficients C and D that correspond to coefficients
A and B are listed in Table 1(b). The eigencondition, Eq.
(23a) or (23b), is also in a generalized form; it is reduced
for nine different combinations of the boundary condi-
tions of the first, second, and third kinds and is pre-
sented in Table 2. The following notations are used in
Table 2: §=1vb, 1 =n(c—b), Biy = hb/ky,, Bir =h;
(¢ = b)/ky,, and assuming R to be the contact resistance
for a unit area, R, = Rki,/b, R. = Rk»,/(c — b).

4. Temperature solution

Following the identification of functions and pa-
rameters in the definition of Green’s function, Eq. (9),
then Eq. (13) provides the temperature solution for a
two-layer body with homogeneous boundary conditions
as

Solution coefficients with contact resistance for ¥; = 4 cos(yy) + Bsin(yy)

Case A B C

D

(a) when Y, = Ccos(ny) + Dsin(ny)

Y12 0 1 sin(yb) cos(nb) — (y/n) sin(yb) sin(nb) + (y/n)
(k1 k) cOS(7b)sin (1) (k) cos(7b) cos(nb)
+ ki, Ry cos(yb) cos b) + ki, Ry cos(pb) sin(nb)
Y2J 1 0 cos(yb) cos(nb) + (/1) cos(yb) sin(nb) — (7/n)
X (kiy/ksy) sin(yb) sin(nb) X (kiy/k,) sin(yb) cos(nb)
— ki, Ry sin(yb) cos(nb — ki, Ry sin(yb) sin(nb)
Y3J 1 i fkyy cos(nb)[cos(yb) + (hy/kiyy) sin(nb)[cos(yb) + (h1/kiyy)
x sin(yb)] + [ki,Ry cos(nb) x sin(yb)] + [k, Ry sin(nb)
— (kiy/kay) (7/n) sin(nb)] + (kiy/kay) (/1) cos(nb)]
X [(h1/kyyy) cos(pb) — (sin(yb)] X [(hy/kiyy) cos(pb) — sin(pb)]
(b) When Y, = Ccos[(y — b)] + Dsin[n(y — b))

Y1J)? 0 1 sin(yb) + ki, Ry cos(yb)
Y2J 1 0 cos(yb) — ki, Ry sin(yb)
Y3J 1 (h/ky) cos(yb) + hy/ (k) sin(yb)

+ ki, Ry[(h1 /k1yy) cos(yb) — sin(yb)]

(v/n) (kiy/ky ) cos(vb)
—(/m)(kiy /Ky sin(yb)

(Kiy /keay) (7/m) > [(h [Rryy) s (7b) — sin(yb)]

#J stands for a boundary condition of the first, second, or third kind at y = c.
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Table 2
Eigenconditions for Y11, Y12, Y13, Y21, Y22, Y23, Y31, Y32, and Y33*
Case Eigencondition
i cot(f)_—(—07b> ? (@) cot <?)
= b i) \ksy ) 1+ Ryycot($)
o= (52 (2) (), 220
=" i) \ky ) 1+ Ryycot(y)
Y13 Sian () _ R _ - ,
s eo)(7) () o
(Biy — R.i7?) tan(7f) + 7j(1 + R.Biz) b i) \ ko
Y21 -b v\ [k tan(y
oty - (€28 (2) () __tan)
b i ) \ky ) 1 —Ryytan(y)
Y22 —b 7\ [k tan(y
anty — - (52) (1) (2 ) an)
b 7] k) 1 — Ryytan(y)
Y23 = Y _ _
' 711 tan(n} sz - c—b z kiy an(y)
(Biy — R.i7?) tan(ff) + 71(1 + R.Biz) b 7 kzv
Y31 5\ /& - 5 _ Bi
cot() = Z h jtan@ ,ll -
n kzy Bl] —Rb’y )tan(y) +’Y(1 +RbBll)
Y32 tan = — g kl} j tan(?} - le '
n kZ» Bll — Rb'})') tan(y) + '}’(1 + RbBll)
Y33 atan (1) ‘B’f:_(e*b) 7 <k1y) jtan(y) — Biy
Biz tan(ﬁ) + ﬁ b kz) (Bl] — Rb’y ) tan(?) + ’y(l + RbBll)

3The parameters y and y are related by the relations y> = 12/ oy —
(klz/k”)l/7 for i=1 or 2, and R = contact resistance. NOtdthIlS y=1b, 1 =1n(c—b),Biy=h b/kly, Biy = hy(c —
= Rky,/b, R. = Rk, /(c — b), and R is defined so that (7} —

2
A “mnp )

Xm ()C)Z,, (Z) Yi.mnp O/) exp(
Nv,va,mnp]vz,n

b
[/ P1Cp Yo (V)T (X', 2,0) dy/
Jy=0

P2Cp2 YZ.mnp(yl)T2(-x/>y/7zl7 0) dy/:|

y=b
Nxtm Ny.mnpNz.n

—1)]

d a b
<[ e 2
z=0 Jx=0 y=0

f/nmwmwwimﬂawmwwmm
y=b
(25)

(3% + $3v?) where r; = (klx/ku)l/zs
/k2V7

(r 25 +sv)andn-*) o2y —

B)lyep/R = =k, (T /0y)],-,-

for i = 1 or 2. The functions X, (x), Z,(z) are solutions of
the differential equations, given by Egs. (3a) and (3b),
that are obtainable in a standard manner. Eq. (14a)
yields the function ¥;,.,(y) after replacing y by 7y,,,.
Also, Eq. (24) describes the function Y5 ,.,,(y) once n is
replaced by 7,,,.

It is instructive to examine the solutions given by Eq.
(25) for multiplicative variations in the initial tempera-
ture and the volumetric energy generation. Let functions

Ti(x,9,2,0), Th(x,»,2.0), g1(x,y,z,¢t), and g;(x,y,z,¢) be
separable and described by

Ti(x,,2,0) = Tio T2 (x) T1, () T1:(2),

T5(x,,2.0) = Tao T (x) Ty (v) T (2),

81(x,,2,1) = £1081:(x)€1,(1)g1:(2)g1:(1),

8%, ¥,2,1) = £2082:(x) 82y ()82:(2)2: (1)

Then, the temperature given by Eq. (25) can be written
as
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i i){m (X)Z0(2) Yiouap (v) €XP(— 2, )
N\"m]v}umnpNz‘n

a

b
X |:T10plcpl Xm(xl)Tlx(x/)dxl/ Yl,nmp(y,)
0 V=0

x'=

d
<T000Y [ 2T + T
=0

X Xm(x’)Tgx(x/)dx’/ Y2,mnp(y,)T2y(y/)dyl
)J

x'=0 ' =b

p=1 m=1 n=1 &

ot ra
x [ el -0 [gm [ e
J1=0 Jx'=0
b d
<[ Fmt)2008 [ 2,0 a0
V=0 Z=0
. / X ) ()Y / Va0 )2 0)
x'=0 V=b

< z ()eule) g () (26)

5. Computation of eigenvalues

One basic method of finding eigenvalues is to begin at
the smallest reasonable value for A, that is, at the smaller

-
i P

Entry 9, Table 2

></7 Zn(z/)TZZ(Z/)dZ/:| +ZZ§:W

Left Side

1871

of [y (2B + s2v2)])"* and [o, (2% + 522)]"/7, see Egs.
(6a) and (6b). Using Eq. (22) with y and # taken from
Egs. (6a) and (6b), one can march forward, A/ at a time,
searching for the eigenvalues. This method is computa-
tionally slow. Also, it can result in missing eigenvalues
because, as will be shown later, the spacing between
successive eigenvalues can become small, less than A/L. In
practice, it is possible to develop a more efficient scheme.
For each eigenvalue, there are well-defined upper and
lower values for 4 within which only one eigenvalue is
located. For every entry in Table 2, these limits are the
ordered locations of the asymptotes for the right side and
for the left side of each equation. The asymptotes will be
located where the denominators of the right side and of
the left side of an entry in Table 2 become zero. Between
any two adjacent asymptotes, there is one eigenvalue.
This is demonstrated by using the following quantities
that approximate those in Dowding et al. [12] for an
orthotropic carbon—carbon layer attached to a thin layer
of mica: a=d=10cm, b=09cm, c=1cm,
kiy=k.=05W/ecm K, k&, =0.1W/cm, ky =k, =
k- = 0.01 W/em, pyc, = 2.6 kI /em® K, pyc,n=2.4 kJ/
cm?® K and &, = h, = 0. Furthermore, it is assumed
R =045 cm? K/W, 8= 5n/a, and v = 10n/d.

The solid line, labeled as “right side” in Fig. 2(a), is
the right side of entry 9 in Table 2 plotted as a function
of /2. Similarly, the dash line in Fig. 2(a) shows the
variation of the left side of entry 9 in Table 2. The ei-
genvalues are located where the solid line and the dash

AW n
RVARY,
(b)

0 5

10
A2, sec”

15 1 20 25 30

Fig. 2.(a)Rightside, the solid lines, and left side, the dash lines, of entry 9 in Table 2 and (b) variation of /(1), Eq. (22), as a function of J2.
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line have the same values. As an alternative scheme, one
can use the zeros of the right side and left side of each
eigencondition entry in Table 2, and between any two
adjacent zeros there is an eigenvalue. Columns 1 and 2 in
Table 3 show the locations of the right side and left side
asymptotes that appear in Fig. 2(a). Each computed
eigenvalue, in column 3, is located between two adjacent
asymptotes. For example A* =25.54791 is between
25.54582 in column 1 and 25.75350 in column 2. Fig.
2(b) is plotted to show the zeros of function f(1), Eq.
(22), as a function of A. This figure demonstrates that the
spacing between neighboring eigenvalues changes and
can become very small; therefore, it is important to
identify a bound on the location of each eigenvalue a
priori. Also, it is possible for the spacing between two
adjacent asymptotes to become zero.

The locations of the asymptotes are the same as the
eigenvalues for individual layers. For example, the as-
ymptotes for the right side of entry 9, in Table 2, are
located when 7 is calculated using the relation

(Biy — Ry7*) tan(y) + 7(1 + RyBiy) = 0 (27a)
that, when R, = 1/Bij, can be written as
(Bi\Biy, — 7*) tan() + 5(Bi, + Bi;) = 0. (27b)

This is the same eigencondition for a single layer body
with thickness b, with Biot number Bi; at y = 0 and Biot
number Bi, = 1/R, at y = b. The asymptotes for the left
side are the roots of equation

Biytan(ij) + i1 = 0. (28)

This is the eigencondition for a single layer body with
thickness ¢ — b, insulated at y = b and having a Biot
number Bi, = hy(c — b)/ky, at y = c. The right-side/left-
side asymptotes for other entries in Table 2 are ob-
tainable in a similar manner. The location of these

Table 3
Locations of the eigenvalues and the right-/left-side asymptotes
in Fig. 2

Right side Left side Eigenvalues
- 0.051404* 0.50961
- 1.07950 2.40929
2.43082 - 2.91648
3.01705 - 4.23901
4.44565 - 5.67551
6.79527 - 6.94996
- 9.30416 10.06049
10.07829 - 14.20126
14.29730 - 18.15974
19.45305 - 19.69501
25.54582 - 25.54791
- 25.75350 -

#Starting value.

asymptotes is known using an explicit equation [13].
Once a bound on the location of each eigenvalue is
established, a hybrid computing technique [10] provides
the numerical value of that eigenvalue. The hybrid
computing technique begins by using a bisection
method while simultaneously computing the first and
the second derivatives of function f (1), Eq. (22), by
central differencing. After f”/f’" reduces to below a
prescribed limit, a second-order Newton method yields
the final numerical result. The basic steps for the sec-
ond-order Newton method, as described in [10], are to
calculate fo = f(4), and then f;=f"(4), and
f> = 1"(4) by central differencing. The next value of 4,
that is, A; will be

., f 1 AN
)vl—/L() f1+2f2ﬁ)*f12‘ (29)

Typically, 4 to 6 bisection steps and ~2 second-order
Newton steps would provide an accurate eigenvalue.

6. Numerical examples

Numerical examples are selected to demonstrate the
scope of this solution method. The first example studies
one-dimensional transient heat conduction and then is
extended to three- dimensional heat conduction in the
second and the third examples. The main emphases in
these examples are to demonstrate the use of the above
analysis and to give insight into efficient computation of
the temperature and heat fluxes.

Example 1. This example is one-dimensional with con-
vection to an ambient temperature of 7., at both ends
and a very large, but of short duration, heat flux at
y = 0. The initial temperature is also equal to 7,,.. The
selected parameters are: b=0.25cm, ¢=0.5cm,
ky,=01W/ecm K, k,=07W/cmK, h =01W/
em? K, hy, = 0.3 W/em® K, picp =3 J/em? K, and
p>¢n =4 J/em?® K. Region 1 has a lower thermal dif-
fusivity. Perfect contact exists between regions 1 and 2;
see Fig. 1. The entire surface at y =0 is irradiated at the
rate of ¢; = 10 kW /cm? for a duration of ¢, = 1 ms. The
solution is then written, using Eq. (25) for homogeneous
boundary conditions and initial condition while ac-
counting for the surface heat flux by using
g1(x,t) = ¢q1(¢)0(y — 0) in Region 1 by, as

nn0 -1 =3 0 [ expleii(e- )

p=1

« / Y1,(/)q (1)3(/ — 0) dy/ de

y=

0

= Y,(0)Y;
=gy O g ), o
p=1 p P
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0.3 0.4 0.5

y-axis, cm

Fig. 3. One-dimensional temperature solution for a two-layer body in Example 1.

where

2
B,(t,10) = { 1 —exp(—4,1) when ¢ <1,

exp[—);(t — )] — exp(—A”f,t) when ¢ > t,.
(30b)

Expressions for Y;,(y) and Y>,(y) are taken from Egs.
(14a) and (24) and Y3J entry in Table 1b, as

Fio0) = cos(r,0) + ( kl’j,{/p) sin(3,), (1)
Yy, = C,cos[, (v — b)] + D, sinn, (v — b)]. (31b)
where
C, = cos(y,b) + (hy/kyyy,) sin(y,b)

+ kiyRy,[(h1 /kiyy,) cos(y,b) — sin(y,b)] (32a)
D, = (ky/kay)(7,/1,) (71 /kyyy,) cos(y,b)

—sin(y,b)] (32b)

The eigenvalues are obtained numerically using the entry
9 in Table 2 after setting f=0 and v=0 to get
V= ),12,/ o, and 1) = /"L;/oczv. In one-dimensional prob-
lems, all eigenvalues are real. The computed first six
eigenvalues, A,—4q, are: 0.4661446, 1.477978, 3.381259,
5.001021, 6.148723, and 8.031121. The corresponding
values of the norms, N;—Ng, are: 1.855151, 0.5194274,
0.4440894, 0.7692402, 0.5480879, and 0.4300197.

Fig. 3 shows the temperature solution as a function
of the y-coordinate for different times between 0.001 and
10 s. As expected, the convergence is fast when ¢ > ¢, ;
however, when ¢t = 0.001 s, the series solution sufficiently
converges when the number of terms exceeds 1000.
However, at small times, modeling Region 1 as a semi-
infinite body dramatically reduces the number of terms.

Numerical values for the semi-infinite solution and
composite solution with 100 terms are given in Table 4
where the temperature is computed at different times up
to 0.1 s and for different locations from y = 0 to b. Since
iteration is not needed to compute the eigenvalues [13],
they are acquired within a fraction of a second on a
personal computer. The numbers inside parentheses are
the temperatures obtained assuming Region 1 to be a
semi-infinite solid irradiated at y = 0. Since ¢; and 4, are
constants, the solution in the semi-infinite region using
the function

U(y,1) :Z—i [erfc(y/\ /4051}1)
+ exp(hly/kly + Oflylh%/kizy)

X erfc(y/\/4oc1yt + 4 /oclythl/klyﬂ (33a)
taken from 11, Eq. (6.29), and superposition is

(U, when < ¢,,
T(y,t) =Ty = { Uy, t) —U(y,t —t,) when t>t,.

(33b)

A comparison between the two solutions shows that the
solution for a semi-infinite body departs from a two-
layer solution at, y = b, when ¢ = 0.05 s; this corre-
sponds to o;¢/b? =~ 0.027. The surface temperature is
very accurately predicted until a dimensionless time 4
times as large, or until 0.2s in this case; the computed
temperature is 20.0143 °C while the two-layer solution
yields 20.0125 °C. Hence if the heated surface tempera-
ture is of primary interest, it can be computed using the
semi-infinite solution given above and then the com-
posite solution thereafter with less than six terms in the
summation. When ¢ =0.1 s, only six eigenvalues are
needed to provide values within 0.0012 °C at any
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location and the accuracy improves as ¢ increases and ¢
increases.

Example 2. In Example 1, it is shown that the series
convergence is poor when ®,(¢,4,) =1 — exp(—)f]t). To
study this effect and the influence of spatial functions,
the transient solution is used to compute temperature
along the y-axis, see Fig. 1, as time becomes large. In this
study, a=d =1 cm and the surfaces at x =0, a and
z =0, d are insulated. It is assumed that all properties
and dimensions are the same as those in Example 1 ex-
cept there is a prescribed uniform heat flux over the
y =0 surface when 0<x<a; and 0<z<d,. The tem-
perature solution has the following form:

T;'(yvt)_Too:q

e
NgE
NgE
=
=
5\
R

wherein the functions ¥,,(x) and W,(z) are

U _fai/a when m = 0,
n(x) = 2 cos(mmnx/a) sin(mmna; /a) when m > 0,
(35a)
W (z) = di/d when n =0,
n(e) = 2 cos(nnx/a)sin(nmay /a) when n > 0.
(35b)

The temperature solution, Eq. (34), approached steady-
state solution as ¢ — oo. The solid lines in Fig. 4(a) show

LT orTrTrtTrrTrrrrrvrtrvtrt]
16 F —— Three-Dimensional Solution A
I ® Steady State 1-D Solution
14} -
1.2 -
- I |
2 1.0 a/a=di/d=1.0 -
&? 0.8 |- -
= o6} .
hv] I |
0.4} -
0.2 .
| 0.2 |
0.0 | .
I T NV (A T NN T ST N T R R
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
(@ y/b

the computed near-steady-state data when a;/a =d,/
d=20.2, 0.5 0.8, and 1. The discrete data are the stan-
dard one-dimensional steady-state temperature solution.
As expected, when a,/a = d;/d = 1, the corresponding
solid line and the discrete data are nearly identical. The
three-dimensional computations are performed using
maximum values for indices m, n, and p equal to 30, 30,
and 50, respectively.

To demonstrate the convergence rate for the steady-
state case, when a;/a = d|/d = 1, the absolute value of
the deviation of the series solution from the exact solu-
tion, ¢, is computed and plotted in Fig. 4(b) wherein ¢ is
defined by the relation

&€= [(T - T%)‘series - (T - Tm)'exacl}/(T - TOC‘)‘exact' (36)

Based on the data in Fig. 4(b), for a high degree of ac-
curacy while keeping the number of terms small, it is
important to find techniques such as time partitioning
[Chapter 5]11, to accelerate the convergence.

Example 3. This example demonstrates the peculiarities
of a three-dimensional transient solution. To maintain
the brevity of the presentation, input data in Example 1
are slightly modified. Furthermore, it is hypothesized
that the surface at x = a is cooled by a fluid so that the
x = a surface remains at a constant temperature equal
to the ambient temperature 7,,; however, the surfaces
at x=0, z=0, and z = d remain insulated. The heat
transfer coefficients 4, and A, remain at those values
specified in Example 1. The temperature field becomes
three-dimensional assuming the y = 0 surface receives
heat flux over a small area bounded by bounded by the

MEgr—rrT1r 111 1T T T T 17

0 Number of Terms=10

Percent Deviation, 100x|g|

Sl 1 ) L]

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2
(b) y/b

Fig. 4. (a) Steady-state dimensionless temperature solution from Eq. (34) along y-axis for different heated areas over y = 0 surface,
when a, /a = d, /d, see Example 2. (b) Absolute value of the deviation ¢, Eq. (36), using 10, 20, 50, 100, 200, 500, 1000, and 2000 terms
in the one-dimensional series solution, Eq. (34), when a,/a =d,/d = 1.
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lines x = 0,a; and z = 0,d; as in Example 2. Eq. (34) in
Example 2 would describe the temperature distribution
if

Vou(x) = 2cos[(m + 1/2)nx/a] sin[(m + 1/2)na, /a]
/[(m+1/2)x].

When a; = 0.5a and d; = 0.5d, the dimensionless tem-
perature k(T — T.,)/bg, along a line, with coordinates
x =0 and z =0, is plotted as a function of y in Fig. 5.
Each line in the figure is for a different Fourier num-
ber, Fo = ay,t/b*. Fig. 5 is prepared in a similar man-
ner, except the data are plotted as a function of y when
x =0 and z =d,. Figs. 5 and 6 clearly show the three-
dimensional effect, as temperatures in Fig. 6 are less
than those shown in Fig. 5. This example reveals some
computational peculiarities when f,, and v, are large

(37)

and 7, is imaginary. A discussion is in the following
section.

7. Remarks

As stated earlier, the computation of eigenvalues re-
quires extreme care. Indeed, the computation of tem-
perature also requires extreme care when a spatial
eigenvalue y or n becomes imaginary. In this case, since
oy < 0y, then n,,,, can become imaginary when f,, and/
or v, are larger than 1. At large f,, and/or v, values, the
functions sin(y,,,») and cos(,,,») become - sinh
(11unpl¥) /1 and cosh(|n,,,,,|v) as n,,, becomes imaginary;
therefore, these functions grow exponentially and can
produce undesirable round-off errors. As demonstrated
in Aviles-Ramos et al. [9], the terms with imaginary

1.0
0.9
0.8

= 07

0.6

0.5

04

0.3

0.2

0.1

0.0

K(T - T..)/b

00 02 04 06 08 10 1.2 14 16 18 20

y/b

Fig. 5. Temperature, in Example 3, as a function of y/b when x = 0 and z = 0 for different Fourier numbers a;,¢/b”.

06 —T"TT"T T T T T T T T T

00 02 04 06 08 1.0 1.2 1.4 16 18 20

y/b

Fig. 6. Temperature, in Example 3, as a function of y/b when x = 0 and z = 0.5d for different Fourier numbers o;,z/b*.
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Table 4
Computed temperature, (7 — T,,) °C, in Region 1 and a comparison with a solution for a semi-infinite body*
y (cm) 1(s)
0.001 0.005 0.01 0.05 0.1
0.00 574.8736 150.5034 102.4516 43.11266 29.52803
(648.1511) (150.5034) (102.4516) (43.11266) (29.52803)
0.05 —-0.946044 2.394879 14.52021 30.45890 25.33503
(0.000000) (2.394879) (14.52021) (30.45890) (25.33503)
0.10 —0.786541 0.000013 0.039863 9.908667 14.66315
(0.000000) (0.000013) (0.039863) (9.908667) (14.66325)
0.15 —-0.613663 0.000000 0.000002 1.501637 5.776373
(0.000000) (0.000000) (0.000002) (1.501638) (5.777962)
0.20 —-0.401243 0.000000 0.000000 0.106381 1.537475
(0.000000) (0.000000) (0.000000) (0.106409) (1.555826)
0.25 —-0.160965 0.000000 0.000000 0.001742 0.141438
(0.000000) (0.000000) (0.000000) (0.003531) (0.286766)

#The numbers inside parentheses are solutions for a semi-infinite body.

spatial eigenvalues must be included in the solution;
otherwise the computations would yield erroneous re-
sults. The condition exists when a;, > o, and the spatial
eigenvalue y,,,, is imaginary. In this latter case, the re-
medial steps are simple as the entries for 4, and B in
Table 1(a) or (b) can be scaled down using a factor, i.e.,
X[~ 1 ]

When 1, is imaginary, the computation of eigen-
values requires some attention. However, the numerical
computation of temperature, using the data for this ex-
ample, also produced severe numerical errors when y > b,
mainly due to standard numerical truncation within the
computer processor. The error becomes severe when cal-
culating Y5 ,.,(v) and its contribution to the norm. To
overcome problems associated with the truncation errors,
the method of computing Y3 ,.,,(y), when Nomp 18 imagi:
nary, should be modified. Based on Eq. (21), coefficients C
and D from Table 1(b), entry Y3, are related, therefore,
when 1,,,, = i|n,,,|, here i = v/—1, they are

_ h .
Cm"P = COS('anpb) + 1 Sln(yr;1lzpb)

klyvmrzp

h .

+ kl,VR’ymnp COS(’Ymnpb) - Sln(ynznpb)
kl)’ymnp
(38a)

and
_ _ tanh —b)|+ hy/kyy
Dmnp —iC ‘r’mnp| n “r]mnp‘(c )} 2/ 2) (381‘))

" |’1mnp| + (hz/kzy) tal’lh“i’]mnp‘(c — b)] :

Then, Eq. (14b) following substitution for D and other
appropriate algebraic steps yields

YZmnp(y) = Cmnp exp[7|]1mnp|(y - b)]
+ C‘W”Plp(‘nmnpb Sinh”nmnp‘(y - b)]’ (393)

where

_ |nmnp‘ tanh“nmnch - b)} + hz/kzy
‘r’mnp| + (hZ/k2y) tanh“nmnp‘(c - b)}
(39b)

P (M) = |1

Clearly, the term C is real and has a finite numerical
value and exp[—|1,,,|(y — b)] varies between 0 and 1 as
[#1p| Increases, since y >b. Moreover, the term
¥ (|1, |) sinh([n,,,,|(v — b)] rapidly becomes small as
[#,p|0 becomes large, e.g., |n,,,|p >10. As shown
above, when y > b, Y5 ,,,(y) — 0 as |nmnp\ — o0; a de-
sirable feature to achieve convergence. In general, Eq.
(39a) should be used when 1,,,, is imaginary.

8. Conclusion

There are a few items one must consider when deal-
ing with problems of this type. In general, the spatial
eigenvalues for the solution perpendicular to the layers
can become imaginary within the region with higher
thermal diffusivity. Usually, for each set of f8, and v,,
only the first few eigenvalues are imaginary and their
numbers and magnitudes increase as the number of
terms in x- and z-direction solutions increases. This
phenomenon can cause the magnitude of the function

f(2) to become very large or very small. Also, as de-

scribed earlier, care must be exercised when computing
the function ¥, ,,(v) when 1,,,, is imaginary. Usually, it
is best to arrange the coordinate system so that a layer
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with the largest thermal diffusivity is Region 1, between
y =0 to b. However, to study the behavior of this so-
lution technique, Region 1 in Examples 1-3 has the
smaller thermal diffusivity.

In principle, to provide the best accuracy at very
small or very large time, a convergence-accelerating
scheme, such as time partitioning is needed. For in-
stance, when heating begins at y = 0 surface, one can
consider Region 1 as a semi-infinite solid when
oy¢/b*<0.027 and obtain an accurate solution using
time partitioning, as described in Example 1. A similar
procedure may be used when heating begins at the y = ¢
surface. In this case, Region 2 may be considered as a
semi-infinite body when a,t/(c — b)2 <0.027. However,
to perform time partitioning, when there is an abrupt
temperature change at the interface, where y =5, a
different equation is needed. The temperature solution in
an infinite body having two layers, introduced in 7, is
suitable for a time-partitioning task. When there are two
or more nonhomogeneous boundary conditions, time
partitioning can be used for each surface separately.
There are other challenges remaining that deserve sep-
arate studies.
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